Piazza, Roberts and Stueckle recently conjectured that every complete n-partite graph is strictly edge-tenacious. In this paper, we establish a necessary and su cient condition for a graph to be edge-tenacious. We apply these results to prove the conjecture of Piazza et al.
Introduction
Let G be a simple graph with vertex set V (G) and edge set E(G), and let S be a subset of E(G). Denote by !(G − S) the number of (connected) components of G − S, by (G − S) the order (number of vertices) of a largest component of G − S.
The score of S is deÿned as sc(S) = [|S| + (G − S)]=[!(G − S)]. Formally, the edge-tenacity of a graph G is deÿned as T (G) = min{sc(S)}, where the minimum is taken over all edge-sets S of G. Let T (G) = min{sc(S)}, where the minimum is taken over all edge-sets S = E of G. A subset S = E of E(G) is said to be a T -set of G if T (G)=sc(S). Note that if G is disconnected, then the set S may be empty. Throughout this paper, we use ! and to represent !(G−S) and (G−S), respectively, when G and S are clear from the context. We also use p and q to represent the number of vertices (order) and the number of edges (size), respectively, of a graph. The edge-connectivity of G will be denoted = (G). Deÿnitions and notation not otherwise deÿned here can be found in [1] .
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A graph G is called edge-tenacious if T (G)=sc(E(G)). A graph is called strictly edge-tenacious if E is the unique set whose score equals T (G). Edge-tenacious graphs can be considered very stable, because to minimize the ratio of cost to reward, an attacker needs to destroy all of the edges. Thus, attacks tend to be 'expensive' and so the networks are relatively invulnerable. Many network topologies used to design highly reliable computer, communication, and transportation networks are edge-tenacious (see [2] ).
The area of graph vulnerability concerns the question of how much communication in a network is disrupted by the deletion of edges from the graph. The most fundamental measure of graph vulnerability of a connected graph is the edge-connectivity of the graph. The di culty with the edge-connectivity is that it does not take into account what remains after the graph is disconnected. Consequently, another parameter has recently been introduced that attempts to cope with this di culty, such as edgetoughness [3] .
In edge-toughness, the 'cost' to an 'attacker' of destroying S is the size of S and the 'reward' is measured by the number of components left after destroying S (since creating more components makes it harder to reconnect a network). In edge-tenacity, the 'cost' also takes into account the size of the largest remaining component, since a larger remaining component means the 'attack' was not quite as successful.
Preliminary results
We ÿrst state the following result, which will play a key role in this paper. Theorem 1. Let G be a graph; and let S be a T -set of G. Suppose that H is the union of all nontrivial components of G − S.
if and only if
To prove Theorem 1, we shall need the following lemma. The proof of the result follows from basic algebraic manipulations.
Proof of Theorem 1. Suppose
for a T -set S of G. Let H be the union of all nontrivial components of G − S with p vertices and q edges. If p = p; ! = 1; = p, then it is clear that
Otherwise, let x be the cardinality of T -set S =E(G)−E(H ), which separates G into H and isolated vertices. Then q = q + x and
Therefore, we have
By Lemma 1, we get
Conversely, let S be any T -set separating G into !(G−S) components H 1 ; H 2 ; : : : ; H t , where t = !(G − S). Suppose that H 1 ; H 2 ; : : : ; H t (16t 6t) are nontrivial components. Let H be the union of H 1 ; H 2 ; : : : ; H t . Then
Therefore,
as required. From Theorem 1, we have:
Remark. Let G be a graph, and let S be a T -set of G. Suppose that H is the union of all nontrivial components of G − S. If
As a corollary, we have: Corollary 1. Let G be a graph; and let S be a T -set of G. Assume that G − S have at most ! nontrivial components. If
: : : ; k; k6! ); then G is strictly edge-tenacious.
Proof. Suppose that G − S has k (16k6! ) nontrivial components. Let
Thus,
By Theorem 1, we have
Hence, G is strictly edge-tenacious. The following theorem gives the possible relationships between scores for two arbitrary subsets of E. This result gives us a very useful tool for deciding whether a set is a T -set. Recall that edge-toughness of a graph G is
where the minimum is taken over every edge-cutset S that separates G into !(G − S) components. We shall also need the following result.
Theorem 3 (Peng et al. [3] ). Let G be a graph; and let s = q=(p − 1). Then 1 (G) = s if and only if |E(H )|6s(|V (H )| − 1); for every subgraph H of G.
Corollary 2. Let G be a graph; and let S be a T-set of G. Assume that G − S have at most two nontrivial components. If 1 (G) = q=(p − 1); then G is strictly edgetenacious.
Proof. Since
By Theorem 3, we get
. Therefore, by Corollary 1, we have, G is strictly edge-tenacious.
Remark. Assume that G−S has at most one nontrivial component. If 1 (G)=q=(p−1), then G is strictly edge-tenacious.
Complete n-partite graphs
Piazza, Roberts and Stueckle recently conjectured that every complete n-partite graph is strictly edge-tenacious. The aim of this section is to give a proof of the conjecture of Piazza et al.
Theorem 4.
Let G =K(m 1 ; m 2 ; : : : ; m n ) be a complete n-partite graph, where n¿2 and m n ¿m n−1 ¿ · · · ¿m 1 ¿1. Then G is strictly edge-tenacious.
We shall use Corollary 2 to prove the theorem above. To do so we need the following lemmas, which are Theorem 3 of Piazza et al. [2] and Theorem 3:1 of Peng et al. [3] , respectively.
Lemma 2.
Suppose that G has edge-connectivity . Then T (G)¿ =2 + 1=p. Proof of Theorem 4. Let S be a T -set. By Lemma 4, each of nontrivial components of G − S must have edge-connectivity at least T (G). Assume that G − S contains at least two nontrivial components H 1 and H 2 . By Lemma 2, we have
Let V 1 ; V 2 ; : : : ; V n be the subsets of vertices in the complete n-partite graph G, where each V i induces isolated vertices. Let a contradiction. It follows that G−S has at most one nontrivial component. By Lemma 3 and Corollary 2, we have, G is strictly edge-tenacious.
